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	,È � ���tÉ ����Ä�É���È

��yQuw|}x�h$uwc�~Qu�©ªy�¨¥¨¯yD«�|¥{e�½~Q{��¸h
£Yu�h
{��e|¯{e� > �!@º»FyNze��~Q���e�wyY~�x2c¼x
~�{¸§9h$~Q���e¨¯|¥hg��©ªyN�'~Q{rq ­r|¥{��es�y�©
b���ots
µek�y���h
yD²�hg�g»�|®u�xg~Q{�x
y��9h�«�|¯uwcWh
£r�9y�{�h
{Yuw|}~Du�|¯yN{�~Q¨¥��hg§e�2~Q|}x��e��y��9h
�wuw|¥hgs0~Q{��1uwc�|¥s�«�~¤q5~Q{�~�¨¯qtswh
C�| J,h
¦ :�h
¨¥¨¯f5~�{�§3~�swhg���e�wy�uwytx�yN¨¥sgµ


����
(l → r)

Ð ��
����
� �ª��
���� Ò�� �

�³{�uwce|}s�u�hgx2ce{�|¥xg~Q¨�svze§3svhOxÀuw|¥y�{F»�«0hT�th
´�{eh�u�ceh?{eyQu�|¯yN{½yQ©\~
(l → r)

¦ºswze§�svuw|¯uwztu�|¯yN{�swze|¯u�~Q§�¨¯h'©ªy���uwceh
���whOsvhg{Nu�«0y���­Aµ

��Î�� � �ª� � Ò � 
���� Ä��
R

	2Ä�� �³Ä���� ��Ä�Æ �ÀÃ&�LÃ É�� �ÀË!���ºÄ�� �DÉ��
l → r ∈ R �

�
(l → r)

Ç � � 	����CÃ&� ���LÃÅÈDÉ Ã"�
�QÉS� �R�9Ê®Ã���� �CÃÅÈQÉ�# �wÈ��

PosX (l)
Ã É �³È

Q �

%Fh�u
l → r ∈ R

~�{��
σ
§9h,~

(l → r)
¦ºswze§�svuw|¯uwztu�|¯yN{¶µ^·¸h?�thg{eyQu�hT§rq

lσ
uwcehTuwhg�wf y�©

T (F ,Q)�eh�´�{ehO�W~�s0©ªy�¨¥¨¥yD«�s �

� Pos(lσ) = Pos(l)
»

� ©ªy���hg~Nx2c p ∈ Pos(l)
»t|®©

p ∈ PosX (l)
u�ceh
{

lσ(p) = σ(l(p))
»�y�uwcehg�w«�|}svh

lσ(p) = l(p)
µ

ot|¯f,|¥¨¥~��w¨¥q�»t«0h��th
{ey�uwh�§rq
rσ
uwceh)u�h
��f yQ©

T (F ,Q)
�th
´�{ehg��§rq �

� Pos(rσ) = Pos(r)
»

� ©ªy��lhg~�x2c p ∈ Pos(r)
»A|®©

p /∈ PosX (r)
u�ceh
{

rσ(p) = r(p)
~Q{��

rσ(p) = σ(l(p′))
yQu�ceh
��«�|¥swh�»

«�ceh
��h
p′ = minPosr(p)(l)

;ª�9yNsw|¯uw|¥y�{�s�~��whl¨¥h�£t|¥x
y��N��~��ece|}x
~Q¨¥¨¥q?yN���eh
��hg��¾�µ

	 �  !� " * Î 

� Ä�� �N����ÈQÉ2�ÀÃ���Ä��
l = f(g(x), h(x, f(y, y)))

�QÉ �
r = f(h(x, y), h(y, x))

�wÄ ���wÄ���Ä
É �³Ä �
	
Ë � ��Ä�#�ÈDÊ Ê¯ÈQÆ;Ã É�� � �wÄ2Ä�����Ä�Ê¥Ä��5Ä�É\�����$# �³Ä�� � ��Ä4�2È�� ���U� �wÄ�� �eÄ ��È!�ÀÃ&�CÃÅÈQÉ2��Ã É�� ��Ä��ºÄ�����


l
Ã"�/�wÄ � ��Ä��
Ä
É �³Ä��

ÈQÉ � �eÄ�Ê¯Ä�# � �QÉ �
r
ÈQÉ � �eÄ �ÀÃ �!�������
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���DÉ��rÊÌÃ É�����Ê �YÄ
	��
�QÃ������wÈ���Ä����LÃÅÄ���Ã É������³È������LÃ�����É �QÊÌË!�ÀÃ"�'È$#�%^Ä������ÀÃ&�LË'���wÈ��³È
�2ÈQÊ(� D

f, ε

g, 1 h, 2

x, 1.1 x, 2.1 f, 2.2

y, 2.2.1 y, 2.2.2

f, ε

h, 1 h, 2

x, 1.1 y, 1.2 y, 2.1 x, 2.2

� �tÉ ���CÃÅÈQÉ �QÊ���È!�ÀÃ&�CÃÅÈQÉ2�lÈ #
l
� �wÄ

1.1
�DÉ��

2.1
#�È��

x
� �DÉ��

2.2.1
�DÉ �

2.2.2
#�È��

y � �
Ä��

σ(1.1) = q1
�

σ(2.1) = q2
�
σ(2.2.1) = q3

�DÉ �
σ(2.2.2) = q4



σ
Ã"���

(l → r)
Ç ��� 	����LÃ&� ���LÃÅÈDÉS�DÉ �

lσ = f(g(q1), h(q2, f(q3, q4)))

Ã"� � �eÄ6�³Ä���� ÈR	�� �QÃ É9Ä � # �wÈ��
l
	�ËU��� 	����CÃ&� ���CÃ ÉN�U� �eÄ�Â����ÀÃ��R	
Ê¯ÄlÃ É �eÈ��ÀÃ&�CÃÅÈQÉ

p
	�Ë

σ(p) ��� ÈDÆÕÆ\ÄlÄ����9Ê �QÃ É��ÈDÆ �ºÈ��2È��6� ���³Ä
rσ ��� ��Ä��TÃ É3Ã&���QÊ\�eÈ��2Ã&�LÃÅÈDÉ`Æ
��Ä���Ä x � �wÄ�� � � y � ÈB� ����� �'Ã É l

Ã"�
1.1 � ��Ä�� � � 2.2.1� �

� ���N� rσ
Ã"��ÈR	�� �DÃ É9Ä � # ��È��

r
	�Ë ��� 	����LÃ&� ���LÃ É����QÊ Ê

x 	 ��Ã É r
	
Ë

σ(1.1) = q1
�QÉ �U�QÊ Ê

y 	 �4	�Ë σ(2.2.1) =
q3 �
� �N�N�

rσ = f(h(q1, q3), h(q3, q1)).

��s'f,h
{Yu�|¯yN{ehg�¼|¥{¹orhOxÀuw|¥y�{ �tµê�r»Fu�ceh1x
y�f,�e¨¥h�uw|¥y�{Õ�e�wytx
hg�tze��h$�tyrhgs'{eyQu?«¬yN�w­ ©ªy��?~Q¨¥¨Juw��h
h�~Qzt¦
u�y�f5~Du2~`~Q{�� b���oes
µ0b�c�~Du$|}s$«�crqÕ«0h½|¥{Nu��wyt�tz3x�h½u�ceh�{ey�uw|¥y�{ yQ©�x�yNf,��~Du�|¯§e|¥¨¥|®u�q¹§3h
u�«¬hgh
{ ´�{e|¯uwh
u��whgh�¦³~Qztu�y�f5~Du2~)~Q{��

(l → r)
¦ºswze§�svuw|¯uwztu�|¯yN{�sgµ ��yQuw|}x�h�uwc�~QuJuwceh�x�y�{3�t|®u�|¯yN{,�wh �Nz�|¯��hg�?§9h
¨¥yD«¹|}sJ«0hg~�­�h
�

u�c�~Q{$uwceh)x�yN{��t|¯uw|¥y�{�s\|¯{ >¥�g� @Lµrk½yN�whgyD²�h
�O»D|¯u0|}s\f,yN�wh��Nh
{ehg��~�¨3~�{��$x
~�{5§3h)~Q���e¨¯|¥hg�5uwyT~'¨¥~��w�Nh
�\x
¨¥~Nsws
y�©%~��e�e¨¥|¥xg~Duw|¥y�{3s
µ
��Î�� � �ª� � Ò � 
 ��� Ä��

A
	2Ä����JÉ�Ã&�³Ä � �wÄ2Ä �����³È������³ÈDÉ

��
 Ä ���DË � � ���'� (l → r)
Ç ��� 	�� �LÃ&� ���CÃÅÈQÉ

σ
Ã"�

A
Ç ��È � � ���LÃ�	
Ê¯ÄTÃ # #�È��'Ä �R� �

x ∈ Var(l)
�
⋂

p∈Pos{x}(l)

L(A, σ(p)) 6= ∅.

ð¬ð á�_ �
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�O� � ÈQÃ����������L����� ���
	,È � ���tÉ ����Ä�É���È

	 �  !� " * Î 
 � Ä��
Aexe = ({q0, qf}, ∆exe, {qf})

Æ;Ã&� � � ��Ä �
Ä��$È$# � �
�QÉ2�ÀÃ&�LÃÅÈDÉ2�
∆exe = {A →

q0, A → qf ,f(qf , q0) → qf , h(q0, q0) → q0} �
� Ä��

Rexe = {f(x, h(x, y)) → h(A, x)} � � �eÄ� ���ºÈ ��� �ºÈQÉ
Aexe

�wÄ �2È��QÉ3Ã � Ä��'� �eÄ �
Ä���È$#U� �wÄ2Ä�� ��� � �<� �2� ��Ä
ÂDÄ��ÀË'�2� � � # �wÈ�� � �eÄ��wÈOÈ�� �ºÈ �5Ê¥Ä�� #�Ã"�TÈ #
� �eÄ #�È ���

f∗h∗A � �
Ä�� �N� �2ÈQÉ2�ÀÃ���Ä��6� �eÄ6��� 	����LÃ&� ���LÃÅÈDÉ

σexe
��Ä �JÉAÄ�� 	
Ë

σexe(1) = qf

�
σexe(2.1) = q0�QÉ �

σexe(2.2) = q0 � � ��Ä'� �wÄ2Ä t = A → qf

	2Ä
Ê¯ÈDÉN�����ºÈ
L(A, σexe(1)) �

� ����� �eÄ����,È �wÄ
t = A → q0

�
�
È

t ∈ L(A, σexe(2.2)) �
� �eÄ��wÄ�#�È �wÄ σexe
Ã"�
A
Ç �2È��6� ���LÃ�	�Ê¯Ä

�

� ������021��48
	 �L.28 19,��
� 1 0Y, 19,���������.�� 8
,���� 0��������

�³{�u�ce|¥s�svhOxÀu�|¯yN{
R
�thg{eyQu�hgs�~?´�£rhO��uwhg�wf �whg«��w|¯uw|¥{e�$swqrsvuwhgf ~�{��

Q
~Q{W|¥{t´�{e|¯uwh?svh
u�yQ©Js�u2~Du�hgsgµe·�h

´3��svu�|¥{Nu��wyt�tz3x�h)uwc�h'{ey�uw|¥y�{WyQ©J{eyN�wf5~�¨¯|¥¿g~Quw|¥y�{W~�s�svytx�|}~Du�hg��«�|¯uwc
(l → r)

¦ºswze§�svuw|¯uwztu�|¯yN{�sgµAorhOx�yN{��t¨¥q�»
«0h���|¥²�h$u�cehWf5~Q|¥{Õ��hgswze¨®uT°Áx�y�{3svh �Nz�h
{�x
h1yQ©�uwceh½x�yNf,�e¨¯h
uw|¥y�{`u�ceh
yN�whgf�°`~�¨¯¨¥yD«�|¥{e� z�sTu�y�yD²Nh
�w¦
~��e�e��y¤£t|¯f5~Du�h�u�ceh��thOswx
h
{��e~�{Yu�s0yQ©��whg��ze¨}~Q��swh�u2s
µ

� ��
 � Ò � �Á  *����N t��� Ò�� �
b�c�h5{eyQu�|¯yN{�y�©0{eyN�wf5~�¨¯|¥¿g~Quw|¥y�{ |}s�x
y�f,f,y�{¶µ¶b�ceh$�eh�´�{e|¯uw|¥y�{3s�§3hg¨¯yD«±~Q��h5sv|¥f,�e¨¯q¸~��e~��tuwhO��u�y½y�ze�
{�yQuw|¥y�{�yQ©

(l → r)
¦³swze§�svuw|¯uwztu�|¯yN{�s
µ

��Î�� � �ª� � Ò � ����� Ä��
A

	2Ä�� �\É�Ã&�³Ä � �wÄ2Ä������³È������³ÈDÉ
�
��ÉG���-� �wÈ �NÃ&��� �CÃÅÈQÉ # �tÉ ���CÃÅÈQÉ �(#�È��

A
��Ã"� �

# �tÉ����LÃÅÈDÉ½Æ
�tÃ���� �!� �
ÈB��Ã�� �ºÄ�� �³È$Ä �R� ��� �B�9Ê¥Ä
(l → r, σ, q)

�JÆ
��Ä��wÄ
l → r ∈ R

�
σ
Ã"�U�QÉ

A
Ç �2È��6�2� �CÃ�	
Ê¯Ä

(l → r)
Ç ��� 	����LÃ&� ���LÃÅÈDÉS�DÉ �

q
����� � �ºÄTÈ$#

A
�/�6# �tÉ����LÃÅÈDÉ # ��È��

Pos(r)
�ºÈ

Q �

	 �  !� " * Î �! ÈDÉ �2Ã��NÄ���� ��Ä������³È������³ÈDÉ
Aexe

�/� ��Ä'�³Ä���� �wÄ
Æ �ÀÃ&�LÃ É�� �2Ë!���³Ä��
Rexe

�DÉ�� � �eÄ ��� 	�� �LÃ Ç
� ���LÃÅÈDÉ

σexe
��Ä �JÉAÄ��1Ã É�" �N���6�9Ê¯Ä$#

�
��È��

σexe
���DÉ?���-� �wÈ �NÃ&��� �CÃÅÈQÉ # �tÉ ���CÃÅÈQÉ

γexe
���QË 	2Ä���Ä �JÉAÄ��

	
Ë

γexe(l → r, σexe, qf ) :











ε 7→ q1

1 7→ q0

2 7→ q1

.

� È �ºÈ � �QÊ ÊÌË ��Ä �JÉAÄ γexe
� � �eÄ¼È�� �eÄ�� � � �JÉ�Ã&�³Ä
ÊÌË ���DÉ�Ë �

Aexe
Ç �2È��6� ���LÃ�	�Ê¯Ä ��� 	����CÃ&� ���CÃÅÈQÉ2� � �eÈ��tÊ �G	2Ä

�2ÈQÉ2�ÀÃ���Ä��wÄ � �³ÈOÈ
�

b�ceh�{�yQuw|¥y�{?yQ©9{ey���f5~Q¨¥|¯¿O~Du�|¯yN{'§9h
¨¥yD«Õ|}s;x�¨}~�s�sv|}x
~�¨CµDb�ceh��th
´�{e|¯uw|¥y�{?u�~�­�hgs%yNze�;{eyQu�|¯yN{Ty�©
(l → r)

¦
swze§�svuw|¯uwzeuw|¥y�{�s�|¥{Yuwy5~�xgx�yNze{Yu�yN{e¨¥q�µ
��Î�� � �ª� � Ò ��% ��� Ä��

A = (Q0, ∆, F0)
	2Ä�� �\É�Ã&�³Ä � �wÄ2Ä������³È������³ÈDÉ �

γ
�DÉ<���R���wÈ �NÃ&�����LÃÅÈDÉ'# �tÉ����LÃÅÈDÉ

#�È �
A
�
l → r ∈ R

�
σ
�QÉ

A
Ç �2È��6�2� �CÃ�	
Ê¯Ä

(l → r)
Ç ��� 	����LÃ&� ���LÃÅÈDÉ �4�QÉ �

q
� ��� ���³Ä5È$#

A � 
 Ä���Ä
É9È �ºÄ	
Ë
Normγ(l → r, σ, q)

� �eÄ/#�ÈDÊ Ê¯ÈQÆ;Ã É�� �
Ä��0È$#'� �
�QÉ2�ÀÃ&�LÃÅÈDÉ2� �/� �DÊ Ê¥Ä��½{ey���f5~Q¨¥|¯¿O~Duw|¥y�{ÁÈ #
(l → r, σ, q)

�
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���DÉ��rÊÌÃ É�����Ê �YÄ
	��
�QÃ������wÈ���Ä����LÃÅÄ���Ã É������³È������LÃ�����É �QÊÌË!�ÀÃ"�'È$#�%^Ä������ÀÃ&�LË'���wÈ��³È
�2ÈQÊ(� �N�

{f(q1, . . . , qk) → q′ |p ∈ PosF(r), t(p) = f,

q′ = q
Ã #

p = ε
È�� �eÄ��ÀÆ;Ã"��Ä

q′ = γ(l → r, σ, q)(p)

qi = γ(l → r, σ, q)(p.i)
Ã #

p.i /∈ PosX (r),

qi = σ(min{p′ ∈ PosX (l) | l(p′) = r(p.i)})
È � ��Ä��ÀÆ;Ã"�
Ä

}

� ��Ä min
Ã"� �2È��6� ���³Ä�� #�È��'� �eÄ'Ê¯Ä���Ã�� �QÊ%È�����Ä��

�
��yQuw|}x�h$uwc�~Qu�uwceh�svh
u

{p′ ∈ PosX (l) | l(p′) = r(p.i)}
z�swhg�¼|¥{¼uwc�h�~Q§9yD²�h5�th
´�{e|¯uw|¥y�{`|}s�{ey�u

hgf,�tu�q�µ3�³{��th
hO�^»9|¯{�~,u�h
��f ��h
«���|¯uw|¥{e�1swqrsvuwhgf ²D~��w|}~Q§e¨¥hgs�yrxgx�ze����|¯{e�,|¥{½uwc�h'��|¯�NcNuw¦Lc3~Q{��Wsw|¥�th'f'z�svug»
§rq1�eh�´�{e|¯uw|¥y�{F»eytx
x�z���|¯{�uwc�h�¨¯h
© uv¦ºc�~Q{���sw|¥�th)u�yry�µ
	 �  !� " * Î % ��ÈDÊ Ê¯ÈQÆ;Ã É�� " ��� � �AÊ¯Ä � �

ε
Ã"� � �eÄ �tÉ3Ã�����Ä # �tÉ ���LÃÅÈDÉ �QÊ2��È!�ÀÃ&�LÃÅÈDÉÕÈ #

r = h(x, y) �  
ÈDÉ�Ç

�
Ä�����Ä�É\�CÊÌË��0Æ\Ä �
Ä��
q′
È # � �eÄ ��Ä �JÉ�Ã&�LÃÅÈDÉ?�³È�	2Ä5Ä���� �DÊ �³È

qf � � �N�N� Normγexe
(l → r, σexe, qf )

Ã"�,È #
� �eÄ #�È ���

{A → q?, h(q?, q??) → qf} �
%9Ã É �2Ä #�È��

r
� � ��Ä9�eÈ��ÀÃ&�CÃÅÈQÉ

1
Ã"� �/# �tÉ ���CÃÅÈQÉ�É��DÊR�eÈ��2Ã&�LÃÅÈDÉ �QÉ �

2
Ã"�,Ã É

PosX (r)
��Æ\Ä��N�
Ä�� �eÄ,Ê �!����ÊÌÃ ÉAÄ$È$# � �eÄ �NÄ �\É�Ã&�LÃÅÈDÉ �³È<�2È��6� ���³Ä

q??
�QÉ �

q?
Ã"����Ä �JÉAÄ��<	
Ë

� �eÄ ���-� �wÈ �NÃ&��� �CÃÅÈQÉ # �tÉ����LÃÅÈDÉ
γexe �

�\Ã É �DÊ Ê®Ë$Æ\ÄTÈ-	�� �DÃ É �

Normγexe
(l → r, σexe, qf ) = {r(1) → γexe(1), r(ε)(γexe(1), σexe(1)) → q0}

= {A → q0, h(q0, qf ) → qf}.

�¬Î � �Á  
 ��� Ä��
A = (Q0, ∆, F0)

	2Ä � �JÉ3Ã&�ºÄ � �wÄ2Ä � ���ºÈ ��� �ºÈQÉ��
γ
�DÉ ���-� �wÈ �NÃ&��� �CÃÅÈQÉ # �tÉ ���LÃÅÈDÉ��

l → r ∈ R
�
σ
�DÉ

A
Ç �2È � � ���LÃ�	�Ê¥Ä

(l → r)
Ç ��� 	����LÃ&� ���LÃÅÈDÉ �/�DÉ��

q
����� ���³Ä'È #

A ��� # lσ →∗
A0

q
� �eÄ
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